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Abstract

This article examines how university professors who teach
mathematics conceptualize and wuse Generative Artificial
Intelligence (GenAl) chatbots such as ChatGPT and Gemini, as
expressed in their interview discourse. Drawing on the Theory of
Conceptual Fields, the study adopts a qualitative, exploratory
case-study design bounded to ten practicing professors from the
academic units of Mathematics, Physics, Light and Matter Science
and Technology (LUMAT), and Engineering at a public university
in Mexico. Semi-structured interviews were segmented into
episodes, from which theorems-in-action (TA) were inferred by
one researcher, reviewed by a second researcher, and agreed
upon by the research team; the resulting 68 TA were grouped
into seven categories and judged as correct, incorrect, or not yet
established in light of current literature on GenAl. The findings
reveal the coexistence of contradictory theorems-in-action:
some reflect schemes built through experience with search
engines (GenAl provides correct results), while others are more
appropriate for the use of these technologies (GenAl does not
always respond correctly).
professors report using GenAl for personal or professional tasks,
its reported pedagogical integration into the classroom remains
limited. These results suggest that professional development for
mathematics teachers should go beyond instrumental training
and explicitly address the theorems-in-action that guide the use
of GenAl, particularly those concerning the verification of its
outputs.

Furthermore, although most
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Generative artificial intelligence (GenAl) has moved rapidly from a specialized
technology to an everyday resource in higher education. Chatbots such as ChatGPT,
Gemini, Copilot, Claude, LLaMA, Grok, and DeepSeek now generate explanations, worked
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solutions, and teaching materials on demand, and in doing so they reconfigure the didactic
relationship between teacher, student, and knowledge (Silgado-Tufién & Lépez-Flores,
2025a, 2025b). University mathematics is a particularly sensitive setting for this change,
because GenAl is already reshaping teaching practices, students’ modes of access to
knowledge, and the ways in which non-routine problems are approached (Corica et al,,
2024;Y.]. Lee, 2023; Wardat et al., 2023). Its integration, however, also raises unresolved
questions of ethics, equity, and teacher preparation for effective and responsible use
(Silgado-Tuii6on & Lépez-Flores, 2025b).

The educational potential of these tools is well documented. Studies report that
ChatGPT can support mathematical problem solving, the adaptation of learning strategies,
and personalized feedback (Ellis & Slade, 2023; Kang, 2024; Kwon et al., 2023), and Al-
based platforms have been used to adapt learning paths in mathematics (G. M. Lee et al,,
2023). The same body of research, however, documents persistent weaknesses in the
mathematical coherence, epistemic validity, and theoretical adequacy of chatbot
responses (Parra, Sureda, Corica, et al., 2024; Sureda et al., 2025). In tasks that demand
deep conceptual understanding, such as solving geometric problems, generative models
frequently fail to justify results or intermediate steps (Alsharidah & Alkramiti, 2024;
Coricaetal, 2024, 2025). GenAl therefore presents university mathematics teaching with
both an opportunity and a risk, and which of the two prevails depends largely on how the
tool is understood and used.

These weaknesses are not incidental; they follow from the way the underlying
technology works. GenAl chatbots, and conversational artificial intelligence more
generally, rely on large language models (LLMs) trained on massive volumes of text to
capture the semantic, syntactic, and pragmatic regularities of natural language, which
allows them to produce fluent responses adapted to the context of an interaction. Because
users interact with them in natural language, they are highly accessible and appear to be
ready-made assistants for students and professors alike. Their responses, however, are
produced by probabilistically predicting the next token of a sequence on the basis of
patterns learned from training data (H. Huang et al., 2024). This does not mean that LLM
outputs lack semantic content: the internal representations of these models can encode
semantic relationships, and their outputs are often semantically coherent (Piantadosi &
Hill, 2022). The generation process is nevertheless not anchored in the verification of
statements against an external mathematical or factual reference, so fluent and plausible

responses may still be false, unjustified, or invented, a phenomenon known as
hallucination (L. Huang et al., 2025). For this reason, LLMs have been characterized as
“stochastic parrots” (Bender et al., 2021; La Fontaine, 2024), a metaphor that underlines
the gap between linguistic fluency and warranted knowledge.

For mathematics education, the consequences of this gap are concrete. Analyses of
chatbot responses to mathematical and didactic tasks report errors in mathematical

coherence and conceptual validity, responses poorly adapted to the educational level, and
unfamiliarity with specific didactic frameworks (e.g., Corica et al., 2024; Gao et al., 2023;
Parra, Sureda, & Corica, 2024; Sureda et al., 2024). In a discipline in which formalization,
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validation, and conceptual understanding are central, the probabilistic nature of LLMs
offers no guarantee that generated texts meet the epistemic demands of the discipline or
the didactic criteria required of a formative resource. It is therefore necessary to examine
not only the products that LLMs generate but also the ways in which teachers interpret,
use, or discard them, taking into account the cognitive, epistemic, and ethical dimensions
of GenAl as well as its instrumental ones (Selwyn et al., 2022; Sigman & Bilinkis, 2023).
Professors who are unaware of the scope of GenAl, or who interpret it narrowly, are
unlikely to be able to support its pedagogical use.

A growing body of research has accordingly turned to teachers’ beliefs, attitudes,
and practices regarding GenAl and to the tensions and appropriations that emerge in its
integration (Alsharidah & Alkramiti, 2024; Song et al., 2025). In Mexico and Latin America,
studies report generally positive attitudes among professors, who recognize the potential
of GenAl to improve productivity and the quality of learning, alongside persistent barriers
such as insufficient training, ethical doubts, and the absence of clear institutional
regulations (Diaz, 2025; Ramirez & Casillas, 2024). Similar concerns appear in other
contexts, where plagiarism, technological dependence, and the erosion of critical and
creative skills are emphasized (Castillo et al., 2025; Moran-Ortega et al., 2024). Across this
literature, the recommended stance is a critical and balanced one: GenAl should serve not
as a substitute for cognitive effort but as a support tool that requires supervision, analysis,

and ongoing teacher development in digital and ethical competencies (Socorro, 2024).

Most of these studies, however, rely on questionnaires or perception scales and
therefore describe what teachers declare about GenAl (their attitudes, expectations, and
perceived barriers) rather than the implicit knowledge that organizes their actual use of
the tool. Two questions consequently remain largely unexplored. First, little is known
about the propositions that practicing university professors who teach mathematics hold
to be true when they decide whether, how, and for what purpose to use GenAl. Second, it
is unclear how their long experience with other digital technologies, particularly web
search engines, shapes the way they approach a technology that generates rather than
retrieves information. Answering these questions requires a framework capable of
reaching beneath declared opinions to the knowledge that guides action.

The Theory of Conceptual Fields (Vergnaud, 1990, 2009) offers such a framework.
It models activity as organized by schemes, whose central components are operational
invariants (OI), namely concepts-in-action and theorems-in-action; these invariants can
be inferred from what subjects say and do in specific situations (Sureda & Otero, 2011;
Vergnaud, 2007). A theorem-in-action (TA) is a proposition that the subject holds to be
true, often implicitly, when dealing with a class of situations. From this perspective, a
mathematics professor’s decision to use, or not to use, GenAl in teaching is guided by
schemes whose theorems-in-action concern what GenAl is, what it is useful for, and how
its outputs should be treated (Vergnaud, 1990, 2013). The framework therefore makes it
possible to identify not only whether professors value GenAl positively or negatively, but
also which implicit propositions guide their use, whether these propositions are
appropriate, and whether contradictory propositions coexist, a situation that the theory
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regards as characteristic of schemes under construction. Because the data in this study
consist of interviews, the theorems-in-action analyzed here are inferred from the
professors’ verbal accounts of their use of GenAl and not from direct observation of their
classroom practice.

This article is part of a broader research project conducted with the same group of
professors. A previous publication from the project (Silgado-Tufi6n, Sureda, et al., 2025)
offered a descriptive overview of the operational invariants identified in the interviews,
organized into thematic categories. The present article extends that work in three
respects: (a) it evaluates the validity of each theorem-in-action against an explicit
reference standard derived from the literature on GenAl (correct, incorrect, or not yet
established); (b) it reports, for each theorem-in-action, both its frequency of occurrence
and its distribution across the professors in whose discourse it was inferred; and (c) it
interprets the coexistence of contradictory theorems-in-action explicitly in terms of
scheme construction, that is, as the transfer to GenAl of invariants developed through the
use of search engines.

Accordingly, the objective of this study is to explore how practicing university
professors who teach mathematics conceive of and report using GenAl in their teaching,
on the basis of the theorems-in-action that can be inferred from their discourse within the
framework of the Theory of Conceptual Fields. Three research questions guided the study:
RQ1. What theorems-in-action about GenAl, its use, and its usefulness for teaching can be

inferred from the discourse of practicing university professors who teach

mathematics?

RQZ2. Which of these theorems-in-action are appropriate, inappropriate, or not yet
established in light of current knowledge about GenAlI?

RQ3. What do the co-occurrence and distribution of these theorems-in-action among the
professors reveal about the construction of their schemes of use of GenAl,
particularly regarding its integration into classroom teaching?

2. Method
2.1 Research Design

The research adopts a qualitative, descriptive-exploratory case-study design
(Hernandez et al., 1997; Stake, 1995; Yin, 2018). The case is bounded as the group of
practicing professors who teach mathematics at one public university in Mexico during
the period in which GenAl chatbots became widely available in higher education.
Although the participants belong to different academic units, they share the same
institutional context (curricular framework, regulations, and resources), and all of them
teach mathematics courses; this makes the group a bounded system appropriate for an
in-depth study of how teachers’ schemes of use of an emerging technology are constituted.
The case is instrumental (Stake, 1995): it is studied not for its own sake but to understand
the theoretical phenomenon of scheme construction when facing a new technology. The
unit of analysis is the theorem-in-action inferred from the professors’ discourse, and the
unit of segmentation is the episode (speaking turn), as described below. Consequently,
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the study does not aim to draw generalizable conclusions applicable to all university
professors; its contribution is analytical rather than statistical (Yin, 2018).
2.2 Research Context

Semi-structured interviews were conducted with ten practicing university
professors from the academic units of Mathematics, Physics, Light and Matter Science and
Technology (LUMAT), and Engineering at a public university in Mexico. All the professors
interviewed teach mathematics in different years and degree programs at the university.
The profiles of the practicing university professors are as follows: four with degrees in
mathematics — professors coded P1, P4, P6, and P8; two with degrees in economics —
professors P2 and P7; two engineers, one in agronomy (P3) and one in computer systems
(P5); and two with degrees in physics — professors P9 and P10. All hold a doctoral degree,
with careers spanning between 2 and 35 years. Participants were selected through
purposive sampling among professors who taught mathematics courses at the university
and agreed to participate voluntarily. The sample size was defined by the exploratory
purpose of the study and by the information power of the sample, which is high when the
aim is narrow, the participants have specific experience relevant to that aim, and the
interview dialogue is rich (Malterud et al., 2016); statistical representativeness was not
sought.

2.3 Data Collection Instrument

A semi-structured interview was used as the main instrument, lasting
approximately 50 minutes per in-person session. The interview guide was structured
around three main axes:

Axis I: Conceptualization of GenAl. Definition, construction, and exemplification of

prompts.

Axis II: Teaching praxis. Personal, academic, and classroom use of the technology.

Axis IlI: Pedagogical outlook. Perceived impact on the teaching and learning of

mathematics.

The interview guide was developed by the research team from the theoretical
framework and the literature on teachers’ use of GenAl. The interviews were conducted
in Spanish and audio-recorded with the participants’ consent; the excerpts presented in
this article were translated into English by the authors. The main questions of each axis
were posed to all participants, while follow-up probes were adaptive, formulated in
response to each interviewee’s answers to elicit examples of actual use and the reasons
given for it. Examples of the main questions of each axis can be seen in the interviewer
turns reproduced in the excerpts (e.g., Tables 1, 3, and 4).

2.4 Data Processing

For the processing of the qualitative data, the interviews were transcribed and
diarized using GenAl-based tools. Specifically, Whisper was used for automatic speech
recognition, ChatGPT for organizing the responses and conducting a preliminary analysis,
and cloud services to store and process the information securely and efficiently. To
safeguard confidentiality, participants were assigned codes (P1-P10), and names,
institutional references, and other identifying information were removed from the
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transcripts before any text was entered into ChatGPT. Audio files and transcripts were
stored in access-restricted storage, accessible only to the research team. The accuracy of
the automatic transcriptions and speaker labels was verified by the researchers, who
compared each transcript with its audio recording and corrected recognition and
diarization errors. ChatGPT was used only as an auxiliary tool to organize the responses
by interview axis and to produce a preliminary summary; it was not used to infer or
classify theorems-in-action. All inferences, categorizations, and validity judgments
reported in this article were made by the researchers directly from the verified
transcripts, and the preliminary ChatGPT outputs were not treated as data.
2.5 Ethical Considerations

Participation was voluntary. Before the interviews, all participants were informed
of the purpose of the study, the audio recording, the use of Al-based tools for transcription
and organization of the data, the anonymization procedure, and their right to withdraw
at any time, and they gave their informed consent.
2.6 Data Analysis

Below is an illustrative example (Table 1) of the procedure used to construct the
episodes and infer the theorems-in-action from the analysis of the interviews. The excerpt
corresponds to professor P1 and shows how, from certain statements made by the
interviewee, different theorems-in-action are inferred. The letter E indicates the
corresponding episode, whose numbering changes each time the speaking turn shifts
between interviewer and interviewee. The third column presents the TA inferred by the
researcher from the professor’s discourse. The excerpts from which the inference is
drawn appear in italics within the interviewee’s column.

In the example (Table 1), the inference of the theorem-in-action is shown. In episode
E.11 the interviewer asks about the role the professor assigns to GenAl In E.12 the
interviewee states that GenAl can be used to check results or calculations. From this
statement it is possible to infer TA.5: GenAl provides correct results; and that it has the
authority of a book (TA.8), since the professor states that it can be used to check. Likewise,
by stating that GenAl is useful for searching for information, it can be inferred that this
professor regards GenAl as having properties similar to a search engine (TA.2). It is
important to distinguish between what the professor explicitly states and what the
researcher infers. P1 does not literally say that GenAl provides correct results; the
inference rests on the fact that using a tool “to check results” presupposes attributing to
it the status of a reliable reference against which one’s own results can be contrasted. The
following decision rules were applied: (a) a TA was inferred only when the statement, or
the action described, would be incoherent without assuming the proposition; and (b)
when a statement admitted more than one reasonable interpretation, the TA was retained
only if it was corroborated in another episode of the same interview or if both researchers
agreed on it after discussion; otherwise, it was discarded.
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Table 1
Excerpt Corresponding to Interviewee P1
Interviewer Interviewee (P1) TA
E. 11: Whatrole do you  E. 12: 1 think it can be used to check results or TA.5: GenAl provides
think artificial calculations (TA.5; TA.8). I also think it’s useful asa  correct results. TA.2:
intelligence could play?  way to search for information (TA.2). To replace GenAl works like a
[teachers]? I don’t know. I think that if you ask search engine. TA.8:
artificial intelligence something, it will probably GenAl has the authority
give you an answer. of a book or a professor.

Once the TA were inferred, they were classified into categories. The inference and
validation of each theorem were carried out in three steps. First, the interviewer read the
verified transcripts in full, segmented them into episodes, and inferred possible TA,
recording for each one the episode and the excerpt supporting it. Second, a fellow
researcher reviewed every inferred TA against its supporting excerpt, accepting,
modifying, or rejecting it. Third, disagreements were discussed in consensus meetings of
the research team, where each disputed TA was resolved by returning to the transcript
and applying the decision rules described above; TA on which no agreement was reached
were discarded. Following O’Connor and Joffe (2020), consensus coding was preferred to

a statistical agreement coefficient, since the aim was interpretive agreement on inferences
rather than the reproducibility of a fixed codebook. As a result, a final list of 68 TA was
agreed upon among the authors of the study. An audit trail (transcripts, episode codes,
inferred TA, and consensus decisions) was kept to ensure the traceability of the inferences
(Lincoln & Guba, 1985). Figure 1 summarizes the complete analytical procedure.

The categories were constructed through a hybrid deductive-inductive process
(Fereday & Muir-Cochrane, 2006). Deductively, the three axes of the interview guide and
the constructs of the Theory of Conceptual Fields (what the subject considers GenAl to be,
the rules of action for using it, and the conditions under which its results are held to be
valid) provided initial sensitizing areas. Inductively, the inferred TA were grouped
according to the object to which each proposition refers, which led to seven final
categories: (1) General Functionality of GenAl; (2) Use and Construction of Prompts; (3)
Authority and Validation of Knowledge; (4) Academic and Educational Applications; (5)
Ethics, Regulation, and Plagiarism; (6) Relationship with Teaching and Learning; and (7)
Teacher Knowledge and Use of GenAl. Because a single statement may touch on several
aspects (for example, a belief about the authority of GenAl may have implications for
teaching), each TA was assigned according to the main object of the proposition asserted
to be true, not according to its possible implications; when a TA seemed to fit two
categories, the researchers discussed it until agreeing on its main object, and the decision
was recorded in the audit trail. When one excerpt expressed two distinct propositions,
two different TA were inferred, each assigned to its own category.

As a result of this procedure, the categories are disjoint and exhaustive by
construction; that is, each TA was assigned to exactly one category, and every TA was
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assigned to a category. Once this classification was completed, two indicators were
computed for each TA: its frequency (Fr), defined as the number of episodes (interviewee
speaking turns) in which the TA could be inferred, so that a TA was counted at most once
per episode but could be counted in several episodes of the same interview; and the
number of professors (n) in whose interviews the TA was inferred at least once. Reporting
both indicators prevents repeated statements by a single professor from being mistaken
for widespread ideas. These data were entered into a table created for this purpose; the
frequencies of the theorems-in-action discussed in this article are shown in Figure 2, and
their distribution across professors in Figure 3. In Table 2, the first column shows the
inferred TA number, the second column the description of the TA, the third column the
number of times each TA is repeated, and the fourth column indicates whether the
theorem-in-action is appropriate, not appropriate, or whether the field of study does not
know whether it is or not (NS — not specified). The validity judgment was made by the
research team using the following reference standard: a TA was classified as Correct when
the proposition is consistent with current technical and educational literature on how
GenAl works and how it should be used (e.g., L. Huang et al., 2025; Lo, 2023; Mishra et al,,
2023); Incorrect when it contradicts that literature, or when it presents as sufficient a
condition that the literature considers insufficient; and NS when research has not yet
produced sufficient evidence to establish whether the proposition is true, as occurs with

claims about the effect of GenAl on students’ learning. Each judgment was first made
individually by two researchers and then agreed upon by consensus. The judgment refers
to the proposition inferred in context and not to isolated words. In this case, it is important
to note that even when a theorem-in-action is functional for the subject, it is not
necessarily appropriate within a scientific or socialized knowledge system. The analysis
of its validity is carried out within the field of appropriate GenAl use, which makes it
possible to determine whether the professor’s use of the tool is satisfactory. For example,
TA.2: GenAl works like a search engine is not an appropriate TA for the use of GenAl, since,
unlike a search engine, which retrieves and ranks existing documents whose sources can
be inspected, a chatbot generates a new synthesis probabilistically, which may contain
errors or invented data that are statistically plausible; even when some chatbots
incorporate web retrieval, the final response remains a generated synthesis (Shah &
Bender, 2022). Finally, the last column gives the name of the corresponding category. This
example corresponds to the category General Functionality of GenAl, which groups ideas
related to what GenAl is and what it can do.
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Figure 1
Analytical Procedure for the Inference, Validation, and Quantification of Theorems-in-
Action
s N N\ ( )
1. Data collection 2. Data preparation 3. Segmentation 4. Inference of TA
Semi-structured interviews Automatic transcription and Transcripts divided into Researcher 1 infers TA from
(10 professors, ~50 min, diarization; verification against episodes (E.n) at each episodes, recording the
three axes) audio; de-identification change of speaking turn supporting excerpt
- J J \. J
Inference and validation of thearems-in-action (blue)
s N N[ a )
8. Validity and counting 7. Categorization 6. Consensus 5. Independent review

-

Correct / Incorrect / NS

Fr (episodes), n (professors)

against the literature;

J

Hybrid deductive—inductive

grouping into 7 disjoint
categories

J

Disagreements resolved in
team meetings; audit trail;
final list of 68 TA

(N

Researcher 2 accepts,
modifies or rejects each TA
against its excerpt

Note. Steps 4-6 correspond to the inference and validation of the TA.

Table 2
Example of How the TA Were Categorized
TA  Description Fr  Validity Category
2 GenAl works like a search engine. 23 Incorrect General Functionality of GenAl
51 GenAl can provide immediate, non- 9 (Whatitis, and what it can do)
judgmental access.
6 GenAl is a generator of simple, 16  Incorrect
correct code.
7 GenAl is an image generator. 7
19  GenAl can be used as a 6
programming assistant.
20  GenAl makes it possible to optimize 18  Correct
complex processes.
3. Results

3.1 Category 1: General Functionality of GenAl

in-action about what GenAl is and what it can do, the most frequent TA are shown in
Figure 2.

18

For Category 1, on the General Functionality of GenAl, which groups the theorems-
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Figure 2
Most Frequent Theorems-in-Action by Category, Frequency, and Validity

1. General functionality

TA.2 Works like a search engine  YAAAAALALSI LI SLSLSLS LS LSS SLSLSLSLLLLSSLLALLLSLLISISSD, 23
18

TA.20 Optimizes complex processes

TA.6 Generates simple, correct code (TP TIIIIIIIITIIIIIIIIIIIIIIITIID 16

2. Prompts
TA.15 The prompt is the instruction for what 1 want |GGG © Validity
TA.4 Include all information and detail | RNRNRDD © B Correct
TA.16 The prompt has to be clear and concise JHAAAASITIIIIS, © V##. Incorrect

##% NS (not yet established)
3. Authority and validation

TA.8 Has the authority of a book or professor Y HASIIIVIITIITIITIIIIISIIIIIIITTIIIITID 17
TA.5 Provides correct results (Il SIS II ST TSI IS 14

TA.43 Does not always respond correctly

4. Academic and educational applications
TA.12 Edits and improves texts

TA.55 Generates educational content

TA.59 Organizes ideas

TA.56 Diversifies teaching materials

5. Ethics, regulation and plagiarism
TA.45 Requires human oversight

TA.44 Should be regulated

6. Teaching and learning
TA.37 Students must be taught to use it critically

TA.35 Its answers make students understand faster

7. Teacher knowledge and use

TA.58 1 use it personally or academically, not in class

T T T T T 1
0 5 10 15 20 25

Frequency (number of episodes in which the TA was inferred)

Note. Fr = number of episodes in which the TA was inferred. Incorrect TA are shown with hatching and NS
TA with dots so that validity is not conveyed by color alone.

As Figure 2 shows, TA.2 was the most frequently inferred theorem in the interviews,
with a frequency of 23 episodes, inferred in the interviews of seven professors. This
frequency is also the highest across all categories. This theorem can be seen, for example,
in the interview with professor P1, in episode E.12, already presented in Table 1, where
the professor states that GenAl is “useful as a way to search for information”.

TA.2 was identified in the interviews of professors P1, P2, P4, P5, P7, P9, and P10.
This indicates that seven of the ten professors have adopted GenAl as a search engine.
This matters because the two technologies work differently. A search engine retrieves and
ranks existing documents; its results are not inherently correct, since they may be
inaccurate, biased, or commercially motivated, but they point to identifiable sources
whose authorship, provenance, and quality can be evaluated by the user (Wineburg &
McGrew, 2019). A GenAl chatbot, in contrast, produces a new, probabilistically generated
synthesis that frequently lacks traceable sources and may contain plausible but false
content (L. Huang et al., 2025; Shah & Bender, 2022). Both therefore require verification,
but of different kinds: evaluating sources in the case of search engines, and checking the
generated content itself in the case of GenAl. Treating GenAl as a search engine may thus
lead professors to transfer to it verification habits, such as trusting a well-ranked result,
that are insufficient for generated responses, which is particularly problematic when it
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comes to the teaching of knowledge. TA.6, also with a high frequency of 16, refers to the
veracity of GenAl's responses, in this case for code generation. Finally, TA.20, relating to
the optimization of complex processes, has a frequency of 18, indicating its presence
across several interviews.

3.2 Category 2: Use and Construction of Prompts

For Category 2, on the use and construction of prompts, which groups theorems-in-
action about how to interact with GenAl, the most frequent TA are shown in Figure 2.

In this category, the three most frequent TA are TA.16, TA.4, and TA.15, the first
being incorrect with respect to GenAl, and the other two correct. TA.16 rests on an idea
of GenAl more as a search engine, which corresponds to TA.2 mentioned above. The
classification of TA.16 as incorrect requires clarification. Clarity and concision are
recognized as useful principles in prompt design (Lo, 2023); what is considered incorrect
is not these qualities in themselves, but the operational invariant inferred from the
professors’ discourse, according to which a short, clear instruction is sufficient to obtain
an adequate response, as occurs when entering keywords into a search engine. The
literature on prompting emphasizes that clarity must be accompanied by context, an
explicit specification of the task and of the expected output, and iterative refinement of
the interaction (Lo, 2023; White et al., 2023). In the excerpt below, P2 describes a one-
line instruction without any context about the purpose, audience, or criteria for
improvement, and presents it as the usual way of interacting with the tool. This theorem
can be inferred, for example, in the interview with professor P2, in the following excerpt

(Table 3).
Table 3
Excerpt From the Interview With Professor P2 Regarding TA.16
Interviewer Interviewee (P2) TA
E. 28: And whenis it for  E. 29: Ah, yes, for example, also. In that case, the TA.16: The prompt has
areview, like text instruction I give it is: ‘Can you read and improve to be clear and concise.
editing? my writing?’, and then I give it the text and it helps
me with that.

On the other hand, a TA that can be useful when entering a prompt into GenAl is
TA.4, since it is more consistent with the appropriate use of a prompt. However, it is
important to note that a better prompt does not guarantee that GenAl will provide a
correct response. It may be more complete, more detailed, with a tone or writing style
more appropriate to what is required, but not correct. This theorem is found in the
interviews with professors P1, P3, P4, P9, and P10 — that is, it could be inferred in only
half of the interviews. An example of this inference is shown in the interview with
professor P10, in E.14 (Table 4).
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Table 4
Excerpt From the Interview With Professor P10 Regarding TA.4

Interviewer Interviewee (P10) TA

E. 13: What elements do E. 14: When I consult an artificial intelligence, [ give TA.4:In a prompt I

you consider when it contextual information: for example, I clarify that include all the
interacting with an I am a researcher or that I have a certain specialty.  information and explain
artificial intelligence to [ think it’s important to train it a little, because if it ~ in detail what I want.
obtain better results? isn’t given enough context, the results may not be

accurate or useful. In other words, you have to know
how to ask it in order to get something of value.

Finally, TA.15, relating to the definition of a prompt, could be inferred a total of 9
times (P1, P2, P3, P4, P8, P9, and P10), which is a good indicator of what professors
consider a prompt to be.

3.3 Category 3: Authority and Validation of Knowledge

For Category 3, called Authority and Validation of Knowledge, relating to trust,
validity, and verification of the responses provided by the various GenAlI tools, the most
frequent TA are shown in Figure 2.

These three theorems-in-action are fundamental to understanding the differences
between a search engine like Google and GenAl. That TA.5 and TA.8, with frequencies of
14 and 17 respectively, are the most frequent shows how the schemes associated with
search engines, built up over a long period of use, continue to be activated when using
GenAl, even when they are not appropriate. The literature shows that the responses
provided by GenAl do not undergo the editorial and expert validation of books (TA.8), nor
are they necessarily correct (TA.5) (L. Huang et al., 2025). TA.5 was inferred in episodes
such as E.12 of the interview with professor P1 (Table 1), in which the professor states
that GenAl “can be used to check results or calculations”.

This theorem-in-action is inferred in the interviews of eight of the ten professors
interviewed (P1, P2, P3, P4, P5, P8, P9, and P10), which underscores the problem for the
teaching of knowledge. The same pattern is repeated with TA.8, inferred in seven of the
interviews (P1, P2, P3, P4, P8, P9, and P10). The presence of these two TA corresponds to
the activation of schemes linked to the use of search engines like Google. An example of
TA.8 is shown in E.60 of the interview with P8 (Table 5).

Table 5
Excerpt From the Interview With Professor P8 Regarding TA.8

Interviewer Interviewee (P8) TA
E. 59: Do you think E. 60: Yes, definitely. As I said before, it’s like having  TA.8: GenAl has the
artificial intelligence a professor available 24 hours a day, 365 days a authority of a book or a
can have a positive year. The fact that a student can be reflecting on a professor.
impact on the concept and formulate a question whose answer
contextual will come without judgment is very useful. (...)
understanding of
mathematics?
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An appropriate TA for the good use of GenAl is TA.43, linked to the lack of veracity
of these chatbots’ responses. Its high frequency (14) indicates that professors realize that
GenAl does not always give correct answers. This theorem is inferred in the discourse of
professors P2, P4, P5,P7,P9,and P10. However, since TA.5 and TA.8 could also be inferred
in the interviews of most of these same professors, it is possible to assume that, during
the use of GenAl, different schemes coexist — some stemming from the use of search
engines, and others that are being built as they use this new technology. In the Theory of
Conceptual Fields, when a subject faces a new class of situations, schemes developed for
familiar situations are first mobilized and only progressively adapted; during this process,
operational invariants that are inappropriate for the new situations may coexist with
others under construction, and the subject may activate one or the other depending on
the situation (Vergnaud, 1990, 2009). This kind of coexistence has been documented in
the construction of new mathematical knowledge (Sureda & Otero, 2013, 2014). TA.43
can be inferred in episode 46 of the interview with professor P7 (Table 6).

Table 6
Excerpt From the Interview With Professor P7 Regarding TA.43

Interviewer Interviewee (P7) TA

E.45: To what extent do E. 46: Also, artificial intelligence can provide TA.43: GenAl does not
you think generative incorrect information. I worry that students might ~ always respond
artificial intelligence assume certain content is true without checking its ~ correctly.

can transform the way  veracity. (...)
students acquire

mathematical

knowledge?

Figure 3 shows the distribution of the most frequent theorems-in-action across the
ten professors and makes this coexistence visible at the individual level. TA.5 (GenAl
provides correct results) and TA.43 (GenAl does not always respond correctly) were both
inferred in the interviews of P2, P4, P5, P9, and P10, and TA.8 and TA.43 in those of P2,
P4, P9, and P10. In other words, it is not that some professors hold appropriate invariants
and others inappropriate ones: the same professors mobilize contradictory theorems-in-
action depending on the situation they are describing, which is consistent with schemes
that are still under construction. The figure also shows that TA.58 (use outside the
classroom) and TA.37 (the need to teach critical use) are simultaneously present in the
discourse of six professors (P2, P5, P7, P8, P9, and P10), a tension discussed below.
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Figure 3
Distribution of the Most Frequent Theorems-in-Action Across the Ten Professors
Pl P2 P3 P4 P5 P6 P7 P8 P9 P10
n
Cat. 1 TA.2 Works like a search engine | [ | || [ | [ | [ | 7
TA.15 Prompt is the instruction [ ] o [ ] [ ] o [ ] o 7
o TA 4 Detailed, complete prompt ® o ® o [ ] 5
TA.5 Provides correct results | | | || | | | | 8
Cat. 3 TA.8 Authority of a book/professor [ | [ | | || [ | O | 7
TA.43 Does not always respond correctly [ ] ® ® [ ] 9 [ ] 6
I'A.12 Edits and improves texts ® ® [ ] ® [ ] [ ] 6
) TA.59 Organizes ideas @ o [ ] o [ ] 5
e TA.55 Generates educational content ® [ ] o [ ] o [ J [ J 7
TA.56 Diversifies teaching materials [ ] [ ] [ ] [ ] ® [ ] [ ] 7
TA.45 Requires human oversight o @ [ ] [ ] ® 5
e T'A.44 Should be regulated o [ ] o ] 4
TA.37 Teach critical use [ ] [ ] [ ] [ ] [ ] [ ] [ ] 7
e TA.35 Makes students understand faster 6
Cat. 7 TA.58 Uses it, but not in class ® ® ® O [ ] ® o o 8
® Correct I Incorrect NS Contradictory TA (Category 3)

Note. A filled marker indicates that the TA was inferred at least once in that professor’s interview; n =
number of professors. The shaded band highlights the contradictory TA of Category 3.

3.4 Category 4: Academic and Educational Applications

For Category 4: Academic and Educational Applications, relating to the uses
professors make of GenAl in both their personal and professional activity, the most
frequent TA are shown in Figure 2.

These theorems-in-action can be grouped into two clusters: TA.12 and TA.59 refer
to the use these professors make of GenAl in their professional research tasks, while the
other two (TA.55 and TA.56) are more closely linked to the possibilities these tools offer
when organizing their classes. As an example, TA.12 appears in E.87 of the interview with
P3 (Table 7).
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Table 7
Excerpt From the Interview With Professor P3 Regarding TA.12
Interviewer Interviewee (P3) TA
E. 86: Ok, yes, in that E. 87: Yes. Translations? No, I use it mainly for TA.12: GenAl is a good
sense, for example, you  paraphrasing, to paraphrase, because tool for editing and
say in your research unfortunately we are now heavily audited, (...) so I improving texts.
that you use artificial try to use this kind of tool to help me paraphrase my
intelligence, well, to own documents, so it’s paradoxical, isn’t it?

investigate matters, but
for example, beyond
that use, does it help
you, for example, in
writing articles or that
kind of thing?

The interviews of six of the professors (P2, P3, P4, P5, P8, and P10) also show the
presence of TA.12, which suggests it is one of the most frequent uses of this tool. TA.59,
relating to the use of GenAl as a tool for organizing ideas, is also fairly frequent, 16 times
in total, in the interviews with professors P4, P5, P7, P8, and P9. An excerpt from which it
was inferred is E.31, from the interview with professor P4 (Table 8).

Table 8
Excerpt From the Interview With Professor P4 Regarding TA.59

Interviewer Interviewee (P4) TA

E.30: And in E. 31: Yes, for example, when I have to give a talk on  TA.59: GenAl is a good
mathematics, for a new topic, I like to see how ChatGPT organizesit. I tool for organizing
example, is there ask it to give me ideas on how to structure the talk, ideas.

anything specific? and I like how it proposes something like: ‘First an

introduction, then these topics, then this...” And then
I say: ‘Ah, how cool!’ (...)

Regarding the other two theorems-in-action (TA.55 and TA.56), relating to the use
of GenAl as a tool for preparing classes, both for the creation of teaching materials (TA.55)
and for diversifying exercises (TA.56), their high frequency in the discourse of seven of
the professors (P3, P4, P5, P7, P8, P9, and P10) shows their usefulness for these tasks.
Notably, both TA are inferred from the interviews of the same professors. TA.55 is
inferred, for example, in E.12 of professor P9 (Table 9).
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Table 9

Excerpt From the Interview With Professor P9 Regarding TA.55

Interviewer

Interviewee (P9)

TA

E. 11: Have you used
generative artificial
intelligence tools?
Could you give an

example of how you use

them?

E. 12: Yes, definitely. I have used several artificial
intelligence platforms, such as ChatGPT, Bing
Copilot, Claude, Perplexity, Pi, and Gemini, among
others. One strategy I use is to pose a mathematical
or physics problem to these platforms. I ask them to
give me different strategies for solving that
problem, and then I compare the answers each one
gives. This process is useful for me, since it lets me
have different perspectives and prepare my classes
better, drawing on varied approaches that I can
present to the students,

TA.55: GenAl can be
used to generate new
educational content,
such as tutorials and
exercises.

Table 10 shows an example of TA.56 in the interview with professor P8.

Table 10

Excerpt From the Interview With Professor P8 Regarding TA.56

Interviewer

Interviewee (P8)

TA

E. 13: Are you familiar
with artificial
intelligence and
generative artificial
intelligence?

E. 14: (...) For example, in the design of teaching
materials, it lets me quickly generate clear, well-
structured presentations, with good spelling and
visual design, since I now have a visually impaired
student. In my case, working in mathematics, being
able to integrate LaTeX code quickly and efficiently
has been a great advantage (...).

TA.56: GenAl can
contribute to the
diversification of
teaching materials.

3.5 Category 5: Ethics, Regulation, and Plagiarism

For Category 5, on Ethics, Regulation, and Plagiarism, referring to responsibility, the
appropriate use of GenAl, and the norms that should govern its use, the most frequent TA
are TA.44, relating to the desire for regulatory norms to exist, and TA.45, which advocates

human oversight as an ethical requirement. Both frequencies are shown in Figure 2.

TA.45, which refers to human oversight as an ethical requirement for the use of
GenAl, is found in the discourse of five of the professors (P2, P4, P5, P7, and P8). As an

example, this TA appears in E.112 of the interview with P2 (Table 11).
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Table 11
Excerpt From the Interview With Professor P2 Regarding TA.45 and TA.44
Interviewer Interviewee (P2) TA
E. 111: What do you E. 112: I think regulations are necessary, especially  TA.45: The use of GenAl
think about regulations in areas like law, where an Al could be involved in requires human
for the use of artificial important decisions. Although Al can speed up oversight as an ethical
intelligence? processes, human judgment must be present to requirement. TA.44:
ensure that decisions are appropriate. In that sense, There should be
regulations are useful for governing the use of the regulations governing
technology. the use of GenAL

As the use of GenAl becomes widespread in classrooms, professors P2, P4, P5, and
P8 show concern about the responsible use of GenAl, emphasizing that it is important for
regulations to be put in place governing its use (TA.44). Within this case, only four of the
ten professors expressed this concern. Although this finding cannot be generalized, it is
consistent with studies in Mexico and Latin America that report the absence of clear
institutional regulations and teachers’ ethical doubts about GenAlI (Diaz, 2025; Ramirez &
Casillas, 2024), and suggests that regulatory issues are not yet a central element of these
professors’ schemes of use. TA.44 was inferred from the same excerpt, E.112 of the
interview with P2 (Table 11). The same episode allowed both TA.45 and TA.44 to be
inferred because it contains two distinct propositions: that human judgment must
oversee decisions, and that regulations are necessary.

3.6 Category 6: Relationship With Teaching and Learning

For Category 6, called Relationship with Teaching and Learning, on the effect of
GenAl use on educational spaces linked to the teaching and learning process, the most
frequent TA are shown in Figure 2.

In this category, the two most frequent TA are TA.35 and TA.37. TA.37 is one of the
most frequent theorems-in-action in the entire study (with a frequency of 20) and rests
on the idea that students must use GenAl critically, which corresponds with TA.45,
mentioned above, regarding the ethical and responsible use of GenAl. This theorem can
be inferred, for example, in the interview with professor P2, in the following excerpt

(Table 12).
Table 12
Excerpt From the Interview With Professor P2 Regarding TA.37
Interviewer Interviewee (P2) TA
E. 109: How do you E. 110: The limitations are clear, because Al doesn’t TA.37: Students must
identify and address the always respond correctly. That’s why I think it’s be taught to use GenAl
limitations and important for students to develop critical thinking.  critically.
potential biases of They shouldn’t accept everything artificial
generative artificial intelligence says, but rather question it. Although Al
intelligence in the will improve over time, students and professors will
context of teaching always need to play an active role, verifying the
mathematics? information.
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This TA is also inferred in seven of the interviews (P2, P5, P6, P7, P8, P9, and P10),
showing professors’ concern about the unsupervised use of GenAl, since many of them
state that GenAl does not always respond correctly (TA.43). TA.35, on the idea that
students understand faster when they use GenAl, is inferred in the interviews of
professors P1, P2, P3, P8, P9, and P10. This reflects a fairly widespread idea in favor of
using GenAl in the learning of knowledge that has not yet been validated by research in
the field. An example of TA.35 is found in E.58 of the interview with P9 (Table 13).

Table 13
Excerpt From the Interview With Professor P9 Regarding TA.35

Interviewer Interviewee (P9) TA

E.57: To what extentdo E. 58: I believe that generative artificial intelligence  TA.35: GenAl's answers

you think generative can significantly facilitate learning, since it allows allow them to
artificial intelligence students to understand certain concepts more understand faster.
can transform the way  clearly and reduce the time needed to assimilate

students acquire complex ideas. In this sense, it becomes a valuable

mathematical tool for reinforcing knowledge.

knowledge?

3.7 Category 7: Teacher Knowledge and Use of GenAl

For Category 7, on Teacher Knowledge and Use of GenAl, which groups theorems-
in-action about professors’ attitudes, experiences, and difficulties, the most frequent TA
was TA.58, as shown in Figure 2.

TA.58 is inferred in eight of the interviews (P2, P3, P4, P5, P7, P8, P9, and P10),
showing that most of the professors interviewed use GenAl personally or professionally,
but not in the classroom. This theorem can be inferred, for example, in the interview with
professor P4, in the following excerpt (Table 14).

Table 14
Excerpt From the Interview With Professor P4 Regarding TA.58

Interviewer Interviewee (P4) TA

E. 62: And during class,  E. 63: Within class, I don’t think I use it directly. I TA.58: 1 use GenAl

how do you decide on mean, I do everything more beforehand (...) But in personally or
the use of technology? class as such, I haven't used technology. academically, but not in
class.

The strong presence of TA.58 in the professors’ discourse indicates that, in this case,
the use of GenAl is concentrated in lesson preparation and professional tasks rather than
in classroom activity. The interviews do not allow the reasons for this to be established
with certainty: in the excerpt from P4 (Table 14), the professor describes preparing
everything beforehand, but does not explicitly mention difficulties in designing tasks with
GenAl. Possible explanations, such as the difficulty of designing classroom tasks that
involve GenAl, the lack of institutional guidelines, or concerns about the reliability of its
responses (TA.43), are consistent with previous studies reporting a lack of training and

127

This is an open-access article under the CC BY-SA license. @ OI®)
Copyright © 2026 by Author T



The International Journal of Nashir
- Mathematics and Sciences Education '_é Al Kutub

https://nakiscience.com/index.php/lJMSEd ——— Indonesia

of institutional regulation (Diaz, 2025; Ramirez & Casillas, 2024), but should be examined

in future research. In any case, this pattern creates a tension with TA.37: it is difficult to
teach students to use GenAl critically if the tool is not incorporated as an object of work
in classroom activity.

4. Discussion

Regarding RQ1, the professors’ discourse is organized mainly around pragmatic
invariants: GenAl is conceived as a tool that searches for information, optimizes
processes, generates code, edits texts, and produces teaching materials (TA.2, TA.20, TA.6,
TA.12, TA.55, and TA.56). This predominantly instrumental conception agrees with
studies in Mexico and Latin America that report a positive attitude of teachers towards
GenAl based on its potential to increase productivity (Diaz, 2025; Ramirez & Casillas,
2024; Socorro, 2024), and with international studies describing teachers’ interest in using
it to prepare their lessons (Alsharidah & Alkramiti, 2024; Song et al, 2025). The
contribution of the present analysis lies not in confirming these attitudes but in making
visible what teachers take to be true about the tool when they use it, which is where the
most relevant problems appear.

With respect to RQ2, the most frequent inappropriate theorems-in-action (TA.2,
TA.5, TA.8, and TA.6) share a common origin: they attribute to GenAl properties of the
digital tools that professors have used for decades, especially web search engines. This is
to be expected in the Theory of Conceptual Fields: when a subject faces a new class of
situations, the first schemes mobilized are those that have proved effective in neighboring
situations, and their operational invariants are revised only progressively, as the subject
encounters their limits (Vergnaud, 1990, 2009). In the case of GenAl, however, the
transferred invariants are particularly unsuitable. Search engines point to identifiable
sources whose credibility can be evaluated (Wineburg & McGrew, 2019), whereas
chatbots produce a fluent synthesis without traceable sources and with a propensity to
hallucinate (L. Huang et al, 2025; Shah & Bender, 2022). The risk is greater in
mathematics. The use described by P1 in Table 1, employing GenAl “to check results or
calculations”, relies precisely on a capability that research has shown to be unreliable:
studies that analyze chatbot responses to mathematical tasks report calculation errors,
invalid justifications, and inadequate treatment of geometric and conceptual problems
(Corica et al.,, 2024, 2025; Frieder et al., 2023; Kwon et al., 2023; Parra, Sureda, Corica, et
al, 2024; Sureda et al., 2025). In other words, the use of GenAl as a verifier of
mathematical results rests on a theorem-in-action (TA.5) that the evidence contradicts,
and the authority attributed to the tool (TA.8) may lead professors, and eventually their
students, to lower their level of scrutiny precisely where it is most needed.

Regarding RQ3, one of the most informative findings is that appropriate and
inappropriate theorems-in-action do not distinguish between groups of professors but
coexist within the same professors. As Figure 3 shows, P2, P4, P5, P9, and P10 expressed
both that GenAl provides correct results (TA.5) and that it does not always respond
correctly (TA.43). This coexistence should not be read as mere inconsistency. In the
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Theory of Conceptual Fields, the conceptualization of a new domain is a long process
during which invariants of different scope and validity are available to the subject and are
activated according to the characteristics of each situation (Sureda & Otero, 2011;
Vergnaud, 2009). Similar patterns have been documented in the construction of
mathematical concepts, where schemes combine appropriate and inappropriate
invariants before they stabilize (Sureda & Otero, 2013, 2014). Its practical consequence
is that declarative knowledge that GenAl makes mistakes (TA.43) does not guarantee that
verification is part of the scheme of use. Professors who acknowledge the fallibility of
chatbots when asked about it in general terms may still act, in specific situations such as
checking a calculation or looking up information, as if the answers were reliable. Training

that merely warns about hallucinations is therefore insufficient; professors need
situations that confront them with the limits of the invariants they actually mobilize.

The theorems-in-action about prompts point in the same direction. Only half of the
professors expressed the idea that a prompt should include context and detailed
information (TA.4), while TA.16 reflects a search-query logic in which a brief instruction
is considered sufficient. The literature on prompt design conceives the prompt as an
iterative, contextualized, and explicit interaction rather than as a keyword query (Lo,
2023; White et al., 2023). Nevertheless, as noted in the results, a well-designed prompt
improves the relevance and form of a response but does not guarantee its mathematical
correctness. Prompting competence and verification competence must therefore be
developed together, and both can be regarded as part of the technological pedagogical
content knowledge that GenAl now demands of mathematics teachers (Mishra et al,,
2023).

The results also reveal a tension between personal and pedagogical use. Most
professors use GenAl for their own academic and lesson-preparation tasks (TA.58, TA.12,
TA.55, and TA.56) and state that students should be taught to use it critically (TA.37); in
six of them both TA.58 and TA.37 coexist (Figure 3), which means that the critical use they
consider necessary is not being addressed in the classroom, where it could be taught. This
gap between favorable beliefs and classroom integration is well documented in research
on educational technology, where teachers’ pedagogical beliefs and knowledge, and not
only access to technology, have been identified as decisive barriers to integration (Ertmer,
2005). At the same time, the theorem-in-action that GenAl helps students understand
faster (TA.35), classified as NS, calls for caution. Recent experimental evidence in
secondary mathematics shows that unrestricted access to a GPT-4-based tutor improved
students’ performance while it was available but reduced their learning once it was
withdrawn, whereas a version with pedagogical safeguards largely mitigated this effect
(Bastani et al.,, 2025). Faster access to explanations should not, therefore, be confused
with deeper learning.

Finally, concern for regulation (TA.44) and for human oversight (TA.45) was present
in only half of the professors or fewer. International guidance on GenAl in education
insists that its use in teaching requires institutional policies, the preservation of human
agency, and the development of teachers’ competencies (Miao & Holmes, 2023), and
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regional studies identify the absence of clear regulations as one of the main barriers
perceived by teachers (Diaz, 2025; Ramirez & Casillas, 2024). This suggests that ethical
and regulatory questions are not yet part of the schemes that organize these professors’
everyday use of the tool. Taken together, and extending the descriptive overview
previously reported for this project (Silgado-Tufion, Sureda, et al., 2025), the findings
indicate that the appropriation of GenAl by these professors is at an early stage of
conceptualization, characterized by the transfer of invariants from earlier technologies,
the coexistence of contradictory propositions, and a use that is still more personal than
didactic.

5. Conclusion

The analysis of interviews with ten university professors who teach mathematics
shows a limited appropriation of GenAl tools, as reported in their discourse. There is a
presence of theorems-in-action more typical of experience with search engines (such as
TA.5: GenAl provides correct results) alongside others more appropriate for the use of
these technologies (TA.43: GenAl does not always respond correctly). The coexistence of
these, and other mutually contradictory theorems-in-action, when using GenAl is typical
of situations in which people build schemes that allow them to deal with new situations
(Vergnaud, 1990). Furthermore, the fact that eight of the ten professors reported using
GenAl personally or professionally but not in class (TA.58), while the interviews provide
no evidence of systematic classroom use by the other two, suggests a still partial and
incomplete construction of schemes of use. That these results are consistent with those of
other studies (Alsharidah & Alkramiti, 2024; Ramirez & Casillas, 2024; Song et al., 2025)
underscores the fact that the appropriation of GenAl is a complex conceptualization that
requires systematic training to enable teachers to move from personal use to didactic use
of GenAL

From a theoretical perspective, this study extends the Theory of Conceptual Fields,
traditionally applied to the conceptualization of mathematical and scientific content
(Sureda & Otero, 2013; Vergnaud, 1990), to the analysis of how teachers conceptualize a
technological tool. The results show that the notion of theorem-in-action captures implicit
propositions that perception questionnaires do not reveal, such as the transfer of
invariants from search engines to GenAl, and that the coexistence of contradictory
theorems-in-action can serve as an indicator of schemes under construction and,
therefore, of the stage of appropriation of a new technology.

In practical terms, the results suggest that professional development programs for
university mathematics teachers should not be limited to instrumental training in GenAl
tools, but should explicitly address the theorems-in-action that guide their use: in
particular, the difference between retrieving and generating information, the need to
verify generated content, the role of context in prompt design, and the design of classroom
tasks in which students use GenAl critically. Frameworks such as TPACK (Mishra &
Koehler, 2006), revisited for the age of GenAl (Mishra et al., 2023), can support the design
of such programs by articulating technological, pedagogical, and mathematical
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knowledge, including the potential of GenAl for inclusive teaching (Silgado-Tufién, Lépez-
Flores, et al., 2025), as illustrated by P8’s use of GenAl to prepare accessible materials for
a visually impaired student (Table 10).

This study has limitations. First, it is a single-institution case with a small purposive
sample of ten professors, so its findings are analytical and cannot be statistically
generalized to other university contexts. Second, the theorems-in-action were inferred
from self-reported discourse in interviews and not from the observation of classroom
practice; what professors say about their use of GenAl may therefore differ from what
they actually do. Third, frequencies depend on the course of each interview and on the
follow-up probes posed, so they should be interpreted as indicators of salience in
discourse rather than as measures of prevalence. Finally, given the rapid evolution of
GenAl tools, some theorems-in-action may change as professors gain experience with
them. The sample size was not determined by a formal saturation criterion, and the
distribution by professor could only be reported for the theorems-in-action discussed in
detail.

Future research should (a) combine interviews with classroom observation and
with the analysis of the prompts and tasks that professors actually design, in order to infer
theorems-in-action from action and not only from discourse; (b) follow the same
professors longitudinally to examine how their schemes evolve; (c) extend the study to
other institutions and countries to compare the invariants identified; and (d) design and
evaluate professional development interventions aimed at transforming inappropriate
theorems-in-action such as TA.2, TA.5, and TA.8.
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